The problem of robust H ∞ reliable control for a class of uncertain stochastic switched non-linear systems is investigated in this paper. The parameter uncertainties are assumed to be time-varying but norm-bounded. Firstly, using the average dwell time approach, a criterion of mean-square exponential stability with H ∞ performance for stochastic non-linear switched system is proposed. Then, a kind of design method of H ∞ reliable control for stochastic switched non-linear system with actuator failures is presented, and the problem of robust H ∞ reliable control for uncertain stochastic switched non-linear systems with actuator failures is investigated. Finally, a numerical example is presented to illustrate the effectiveness of the proposed approach.
Introduction
A switched system consists of a number of subsystems and a switching signal, which defines a specific subsystem being activated during a certain interval. Such systems have attracted the interest of many scientists in the past two decades, since many real systems such as mechanical systems, automotive industry, aircraft and air traffic control systems, chemical processes can be modelled as switched systems (Chase et al., 2009; Wang and Brockett, 1997; Tomlin et al., 1998; Varaiya, 1993; Suzuki, 2010) . Stability analysis and control synthesis are two key problems in the study of switched systems. A number of works in this direction have appeared recently (Sun and Ge, 2005; Cheng et al., 2005; Lin and Antsaklis, 2005) . Several methods based on common quadratic Lyapunov functions have been given for analysing the stability of switched systems. In the study of stability analysis for switched systems, multiple Lyapunov function approach has also been shown to be an effective tool (Hespanha, 2004; Hespanha et al., 2005) . In addition, some research results are derived by the dwell time approach Zhai et al., 2001) .
In actual operation, the actuators may be subjected to failures. Therefore, it is of practical interest to design a control system which can tolerate faults of actuators. Several approaches to the design of the reliable controllers have been proposed for linear system (Lien et al., 2008; Yao and Wang, 2006; Abootalebi et al., 2005) , and the proposed methods have been extended to uncertain non-linear systems (Liu et al., 1998; Yu, 2005) . A reliable H ∞ controller was designed for switched non-linear systems by multiple Lyapunov function approach by Wang et al. (2007) . In the work (Yang et al., 2006) , a reliable control problem for uncertain switched systems with time varying delay was considered to guarantee asymptotic stability of the closed loop systems in the case of the possible presence of failures of partial actuators. Recently, the issue of robust H ∞ reliable control for switched non-linear systems with time delay was studied (Xiang and Wang, 2008; Xiang et al., 2010) .
On the other hand, the study of stochastic systems has received much attention over the past decades due to the extensive applications of stochastic systems in mechanical systems, economics, systems with human operators, and other areas (Wonham, 1968) . Many results on stochastic control systems can be found. To name a few, the H ∞ state feedback (Xu and Chen, 2002) and output feedback (Xu and Chen, 2004) control problems for uncertain stochastic systems with time-varying delays are studied, respectively. The robust integral sliding mode control for uncertain stochastic systems with time-varying delay is considered in (Niu et al., 2005) . The H ∞ performance analysis for a class of continuous-time stochastic systems with polytopic uncertainties is studied in Gao et al. (2005) . H ∞ model reduction for stochastic systems is investigated in Xu and Chen (2003) . However, to the best of our knowledge, the issue of the design of the robust H ∞ reliable controller which guarantees mean-square exponential stability of stochastic switched non-linear systems with actuator failures has not been fully investigated, which motivated this study for us.
In this paper, we are interested in designing the robust H ∞ reliable controller for uncertain stochastic switched non-linear systems with actuator failures. Based on the average dwell time approach and linear matrix inequality (LMI) technique, sufficient conditions for the existence of mean-square exponential stability with H ∞ performance of stochastic switched non-linear systems for all admissible uncertainties and actuator failures are derived.
The remainder of this paper is organised as follows. In Section 2, problem formulation is presented and the failure model of actuator in switched system is introduced briefly. In addition, some necessary lemmas and definitions are given. In Section 3, a robust H ∞ reliable controller design method is proposed, and a numerical example illustrates the design procedure in Section 4. Concluding remarks are given in Section 5.
Notation: Throughout this paper, A T denotes transpose of matrix A, L 2 [t, ∞) denotes the space of square integrable functions on [t, ∞), ( ) x t denotes the Euclidean norm.
λ max (P) and λ min (P) denote the maximum and minimum eigenvalues of matrix P, respectively, I is an identity matrix with appropriate dimension, diag{a 1 , a 2 , ···, a m } denotes diagonal matrix.
Problem formulation and preliminaries
Consider the following stochastic switched systems with actuator failures:
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where x(t) ∈ R n is the state vector; v(t) ∈ R p is the disturbance input which belongs to L 2 [t 0 , ∞), where L 2 [t 0 , ∞) denotes the space of square-integrable vector functions over [t 0 , ∞); u f (t) ∈ R l is the control input of actuator fault; z(t) ∈ R q is the controlled output; ω(t) is a zero-mean Wiener process on a probability space (Ω, F, P), where Ω is the sample space, F is σ-algebras of subsets of the sample space and P is the probability measure defined on F. E{dω(t)} = 0, E{dω 2 (t)} = dt, where E{·} is the expectation operator. The function σ(t): R → N = {1, 2, ···, N} is the switching signal which is deterministic, piecewise constant and right continuous. The switching signal σ(t) discussed in this paper is time-dependent, corresponding to it, the switching sequence A C for i ∈ N are uncertain real-valued matrices with appropriate dimensions, which are assumed to satisfy the following form:
where 
The parameter uncertainty structure in (2) has been widely used (Xu and Chen, 2002) .
where ( )
where
Remark 1: m ik = 1 means normal operation of the kth actuator control signal of the ith subsystem. When m ik = 0, it covers the case of the complete failure of the kth actuator control signal of the ith subsystem. When m ik > 0 and m ik ≠ 1, it corresponds to the case of partial failure of the kth actuator control signal of the ith subsystem.
System (1) without uncertainties can be written as (
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Definition 1: The equilibrium x* = 0 of system (1) is said to be mean-square exponentially stable under σ(t) if its solution x(t) satisfies
where constants M 0 ≥ 1 and λ > 0.
Definition 2: (Liberzon, 2003) For any
hold for given N 0 ≥ 0, τ a > 0, then the constant τ a is called the average dwell time and N 0 is the chatter bound.
Definition 3: Let γ > 0 be a positive constant, for system (1), if there exists a controller u(t) and a switching signal σ(t), such that 1 with ω(t) = 0, the closed-loop systems is robustly mean-square exponentially stable under the switching signal σ(t)
2 With zero initial condition, the output z(t) satisfies
Then system (1) is said to be robustly mean-square exponentially stabilisable with a prescribed H ∞ performance, and u(t) is said to be a robust H ∞ reliable controller.
To obtain main results of this paper, we introduce the following lemmas:
Lemma 1: (Cao et al., 1998) For matrices X, Y with appropriate dimension and Q > 0, we have
Lemma 2: (Xie et al., 2003) Let U, V, W and X be real matrices of appropriate dimensions with
if and only if there exists a scalar ε > 0 such that 1 0.
Lemma 3: (Petersen, 1987) For matrices R 1 , R 2 with appropriate dimension, there exists a positive scalar β > 0,
hold, where Σ(t) is time-varying diagonal matrix, U is known real-value matrix satisfying ( ) .
The objective of this paper is to design a reliable switching controller such that system (1) is mean-square exponentially stable with a prescribed H ∞ performance for all admissible uncertainties and actuator failures.
Main results

Stability with H ∞ performance
In this subsection, we investigate the H ∞ mean-square exponential stability of system (12).
Theorem 1: Consider system (12), μ, λ, ε, β, γ > 0 are given positive scalars, if there exist symmetric positive definite matrices P i > 0(i ∈ N) and σ > 0, such that 
Then under the average dwell time condition
H ∞ mean-square exponentially stable.
Proof: We first establish a mean-square exponential stability criteria for system (12). To this end, we consider system (12) with v(t) = 0.
Consider the Lyapunov function candidate for the ith subsystem as follows
where P i > 0(i ∈ N) are positive matrices.
Using Itô formula, we obtain ( )
where L represents stochastic differential operator (see Mao, 1997) .
By Lemma 1, we have
Substituting (23) and (24) to (22), and from (4), we obtain ( ) ( ) (1 )
Therefore, it follows that
Substituting (26) to (21) 
Thus, integrating both sides of (27) from t 0 to t, then taking expectations leads to
From (18) and
Consider the piecewise Lyapunov function candidate as follows
Let t 1 , t 2 , …, t k denote the switching instants in [t 0 , t), then combining (29) and (30), it follows that 
By the definition 2, we know k = N σ , then
Substituting (32) to (31) leads to 
Using (30), we can obtain 
Therefore, the switched stochastic system (12) is mean-square exponentially stable. Next, we shall show that，under the zero initial condition, the time-delay system (12) satisfies (ii). For this purpose, we use Itô formula to (12) and obtain ( )
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From (23), (24) and (36), we have
(1 ) From (19) and (37), by Schur complement lemma, we have 2 0.
, for all τ > t 0 . Therefore, (ii) holds under zero initial conditions. This completes the proof. ■
Design of the H ∞ reliable controller
In this subsection, we consider the H ∞ reliable controller design for system (11). 
which can guarantee that the closed-loop system is H ∞ exponentially mean-square stable.
Proof: When the ith subsystem is activated, it follows from (5) that
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From Theorem 1, we know that if the following inequalities (44) and (45) 
Substituting (10) to (46) 
By Lemma 3, (48) is equivalent to 
where δ is a positive scalar.
By Schur complement lemma, (49) is equivalent to (40). The proof is completed. ■
Design of the robust H ∞ reliable controller
Now, we are in a position to present the results on the design of the robust H ∞ reliable controller for system (1). 
. 
which can guarantee that the closed-loop system is H ∞ mean-square exponentially stable.
Proof: From Theorem 2, we know that Theorem 3 holds if (51) is equivalent to the following inequality (53). 
